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Abstract
The Hamiltonian analysis of the self-dual gauge gravity theory is
carried out. The resulting canonical structure is equivalent to that of
self-dual gravity.
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1 Introduction
Canonical quantisation of general relativity is a long-standing problem. The
ADM formalism [1] is a canonical analysis of general relativity using metric
variables. The resulting form of the Hamiltonian constraint is a complicated,
non-polynomial expression in the canonical variables. As a result, attempts
at constructing the corresponding quantum operator quickly run into prob-
lems. In the 80’s, Ashtekar reformulated gravity in terms of new variables
that significantly simplify the form of the constraints [2]. This had led to the
‘loop quantum gravity’ research programme.
In [3], Witten quantised (2 + 1)-dimensional gravity exploiting the fact
that the first order action is equivalent to a Chern-Simons gauge theory with
gauge group ISO(2, 1) for zero cosmological constant, and SO(3, 1)/SO(3, 2)
for positive/negative cosmological constant. This discovery sparked interest
in whether a similar strategy might work in 3 + 1 dimensions. The first
order formalism for (3+1)-dimensional gravity was first explicitly formulated
as a gauge theory with gauge group SO(4, 1)/SO(3, 2) by Macdowell and
Mansouri [4]. However, canonical analysis of this theory reveals second-
class constraints which are difficult to deal with when quantising [5]. A
closely related but simpler gauge theory was discovered by Pagels [6] in the
SO(4, 1)/SO(3, 2) case, and generalised to ISO(3, 1) by Grignani and Nardelli
[7]. The purpose of this paper is to carry out the Hamiltonian analysis for
the self-dual variation of this theory. It is shown that the resulting canonical
structure is identical to that of self-dual gravity.
2 Conventions, notation and identities
Upper calligraphic indicesA,B . . . = 0 . . . 4 transform under a five-dimensional
vector representation of ISO(3, 1) as x
′A = MABx
B, with
MAB =
(
MAB t
A
0 1
)
. (2.1)
HereMAB ∈ SO(3, 1), tA ∈ R4 is the translation, and capital indicesA,B . . . =
0 . . . 3 are the restriction of A,B . . . to run from 0 to 3. Taking the particular
value x4 = 0 gives a subrepresentation in which the translations act trivially.
Lower calligraphic indices transform under the covector representation of
ISO(3, 1) as y′A = P
B
A yB, with
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P BA =
(
P BA 0
−sAP BA 1
)
. (2.2)
Here P BA ∈ SO(3, 1) and sA ∈ R4 is the translation.
The invariant bilinear form that can be used to contract two ISO(3, 1)
vectors, whose transformation law is given by (2.1), is ηAB = diag(0, 0, 0, 0, 1).
The invariant bilinear form that can be used to contract two ISO(3, 1) covec-
tors, whose transformation law is given by (2.2), is ηAB = diag(−1, 1, 1, 1, 0).
Lower case indices a, b . . . = 1 . . . 3 are the restriction of A,B . . . = 0 . . . 3
to run from 1 to 3.
Spacetime indices are denoted by Greek letters, α, β . . . = 0 . . . 3. Space
indices i, j . . . = 1 . . . 3 are the restriction of spacetime indices to run from 1
to 3.
There is a potential ambiguity when objects with multiple indices are
written in components. A subscript 0 for example could indicate an ISO(3, 1)
index or a spacetime index taking the value 0. However, it will always be
clear from context which type of index has been fixed.
The spacetime metric signature is diag(−1, 1, 1, 1). The spacetime Levi-
Civita symbols αβγδ, αβγδ are completely antisymmetric and defined so that
0123 = 0123 = 1 in all coordinate systems.
The ISO(3, 1) Levi-Civita symbols ABCDE , ABCDE are completely anti-
symmetric and defined so that 01234 = −01234 = 1. These are invariant
tensors since the transformations (2.1), (2.2) both have determinant one.
We define ABCD = ABCD4, ABCD = ABCD4, so that 0123 = −0123 = 1.
Finally we define abc = 0abc, abc = −0abc, so that 123 = 123 = 1.
The complexification of a real Lie algebra is obtained informally by ‘taking
the underlying field to be C’. For ISO(3, 1) = ISO(3, 1,R), the correspond-
ing complex Lie group is denoted ISO(3, 1,C). The representation theory
constructed above carries over straightforwardly to the complex case.
The dual of an object KAB with two capital Latin indices is defined by
K∗AB =
1
2
ABCDKCD. (2.3)
Assuming KAB = −KBA is antisymmetric, it may be written as a sum of
‘self-dual’ and ‘antiself-dual’ parts,
KAB = K+AB +K−AB, (2.4)
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where K±AB = 1
2
(
KAB ∓ iK∗AB), satisfying
(K+)∗ = iK+, (K−)∗ = −iK−. (2.5)
In the SO(4) case with an ‘all positive’ bilinear form, there are no factors of i
in (2.5), and this is the origin of the ‘self-dual’ and ‘antiself-dual’ terminology.
We define Ka := Ka0 = −Ka0 . There exist relations between the different
components of K+AB,
K+ab = −iabcK+c . (2.6)
The four-dimensional spacetime manifold M will be assumed to admit a
foliation of the form M = Σ × R, with Σ a 3-manifold without boundary.
The metric may be written in block components as follows
gαβ =
( −N2 +NiN i Ni
Ni gij
)
, gαβ =
( − 1
N2
N i
N2
N i
N2
gij
)
. (2.7)
Here N , N i are called the lapse and shift functions respectively. We will
use the ‘triangular gauge’, in which the components of the frame field are as
follows
eαA =
(
N Nie
i
a
0 eia
)
, eαA =
(
1
N
0
−N i
N
eia
)
. (2.8)
The complexification of the Lie algebra so(3, 1) is so(3, 1,C) = sl(2,C)⊕
sl(2,C). The sl(2,C) factors are given by the self-dual and antiself-dual parts
of the so(3, 1,C) connection. The so(3, 1,C) curvature tensor is defined by
RAjkB =
1
2
(
∂jω
A
kB − ∂kωAjB + ωAjCωCkB − ωAkCωCjB
)
, (2.9)
with ωAkB the complexified spin connection.
It can be shown that the self-dual part of the so(3, 1,C) curvature tensor
is equal to the curvature of the self-dual part of the so(3, 1,C) connection,
R+ABjk =
1
2
(
∂jω
+AB
k − ∂kω+ABj + ω+Aj Cω+CBk − ω+Ak Cω+CBj
)
. (2.10)
The self-dual part of the complexified spin connection is an sl(2,C) connec-
tion, and
R+ajk =
1
2
(
∂jω
+a
k − ∂kω+aj + 2iabcω+jbω+kc
)
. (2.11)
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3 Hamiltonian analysis
The action of self-dual gauge gravity is
S =
∫
M
(Dφ)A ∧ (Dφ)B ∧ F CDABCDEφE . (3.1)
The gauge group is ISL(2,C) = SL(2,C)nC4, the semidirect product of the
complex translation group C4 with the SL(2,C) group generated by the self-
dual part of an so(3, 1,C) connection. The action of SL(2,C) on C4 in the
semidirect product is given by the four-dimensional representation of SL(2,C)
inherited from the defining four-dimensional representation of SO(3, 1,C).
φA is a multiplet of complex scalar fields in the vector representation (2.1) of
ISL(2,C), with the gauge invariant constraint
√
φAφBηAB = φ4 = 1 imposed
(the square root is the positive square root). The isl(2,C) connection in block
form is AAB =
(
AAB E
A
0 0
)
, with AAB a self-dual connection generating
SL(2,C), and EA generating C4. The covariant derivative is
(Dφ)A = dφA + AABφ
B =
(
dφA + AABφ
B + EA
0
)
. (3.2)
The curvature is
F CD =
(
dACD + A
C
B ∧ ABD dEC + ACB ∧ EB
0 0
)
. (3.3)
Raising the second index using the metric ηAB gives
F CD = F CBη
BD =
(
dACD + ACB ∧ ABD 0
0 0
)
. (3.4)
By a translational gauge transformation, we may take
φA →

0
0
0
0
1
 . (3.5)
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This is called ‘physical gauge’. In this gauge, AAB is identified with ω
+A
B,
the self-dual part of the complex spin connection, and EA is identified with
the complexified frame field eA. The action is
S =
∫
M
eA ∧ eB ∧R+CDABCD, (3.6)
with R+CD = dω+CD +ω+CB ∧ω+BD. This is the self-dual Holst action with
zero cosmological constant.
One only obtains non-zero contributions to the action (3.1) when the
index E = 4, so
S =
∫
M
(Dφ)A ∧ (Dφ)B ∧ FCDABCD. (3.7)
The first step in passing over to the Hamiltonian formulation is to separate
the action into variables whose time derivative appears, and variables whose
time derivative does not appear,
S =
∫
M
d3xdt
{
2φ˙A(Diφ)
BFCDjk ABCD
ijk + A˙CDi (Djφ)
A(Dkφ)
BABCD
ijk
+ 2EA0 (Diφ)
BFCDjk ABCD
ijk + AAB0
[
2φB(Diφ)
CFDEjk ACDE
ijk
+ (Diφ)
C(Djφ)
DA EkB CDAE
ijk − (Diφ)C(Djφ)DAEkACDEBijk
+ 2(∂i(Djφ)
C)(Dkφ)
DCDAB
ijk
]}
. (3.8)
Upon using the relations (2.6) that link the different components of the con-
nection AAB and substituting in the canonical momenta, this becomes
S =
∫
M
d3xdt
{
φ˙ApiA + A˙
d
i p
i
d + E
A
0 piA + A
d
0
[
pidφ0 − φdpi0 − idabpiaφb +Dipid
]}
,
(3.9)
with Dip
i
d = ∂ip
i
d + 2idabA
a
i p
ib, and
piA =
∂L
∂φ˙A
= 2(Diφ)
BFCDjk ABCD
ijk, (3.10)
pid =
∂L
∂A˙di
= 2(Djφ)
a(Dkφ)
babd
ijk + 4i(Djφ)
0(Dkφ)d
ijk. (3.11)
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The first equation (3.10) defines a primary constraint. We note the equality
(Dφ)A = eA, which is due to the fact that (Dφ)A is invariant under transla-
tions. Using the triangular gauge (2.8) to evaluate pid gives
pid = 4(D
iφ)d det(Diφa) = 4e
i
d det(eia). (3.12)
Thus pid is determined fully by e
i
d, and (3.11) does not define a primary
constraint.
The Hamiltonian is
H =
∫
Σ
d3x
(−EA0 piA − Ad0σd) , (3.13)
where σd := pidφ0 − φdpi0 − idabpiaφb +Dipid. The constraints are
piA = 0,
cA := piA − 2(Diφ)BFCDjk ABCDijk = 0,
σd = 0. (3.14)
Using (3.12), an equivalent set of constraints is
piA = 0,
Ca := p
b
iF
c
jk
ijkabc = 0,
C := pbiFjkb
ijk = 0
Gd := Dip
i
d = 0, (3.15)
where pbi is the inverse momentum satisfying p
b
ip
i
c = δ
b
c. These constraints
are related to the diffeomorphism and Hamiltonian constraints of self-dual
gravity by
Cap
a
j = 2pp
i
bF
b
ij = 2pHj, (3.16)
C = ppiap
j
bF
c
ij
ab
c = pH, (3.17)
where p = det(pia), Hj = piaF aij and H = piapjbF cij abc . Thus the constraint
algebra closes, and the canonical structure is essentially identical to that of
self-dual gravity.
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σd generates SL(2,C) transformations, while piA generates translations,
{σd[λd], Abi(x)} = Diλb(x), (3.18)
{σd[λd], pib(x)} = 2ibadpia(x)λd(x), (3.19)
{piA[EA0 ], Abi(x)} = {piA[EA0 ], pbi(x)} = 0, (3.20)
{piA[EA0 ], φB(x)} = −EB0 (x). (3.21)
σd and piA have the following Poisson brackets
{piA[EA0 ], piA[FA0 ]} = 0, (3.22)
{σd[λd], piA[EA0 ]} =
∫
Σ
d3z
(−ηA0pid + ηdApi0 − idcbpicδbA)EA0 λd, (3.23)
{σd[λd], σe[κe]} = σc[2icabλaκb], (3.24)
which is a smeared version of the Lie algebra isl(2,C).
4 Conclusion
In this paper, the Hamiltonian analysis for the self-dual gauge gravity theory
has been carried out. The canonical structure is identical to that of normal
self-dual gravity, and thus the gauge gravity formalism offers no obvious
novelty in the canonical quantisation process.
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